This paper intends to explore bifurcation behavior of limit cycles for a cubic Hamiltonian system with quintic perturbed terms using both qualitative analysis and numerical exploration. To obtain the maximum number of limit cycles, a quintic perturbed function with the form of R(x, y, λ) = S(x, y, λ) = mx 2 + ny 2 + ky 4 − λ is added to a cubic Hamiltonian system, where m, n, k and λ are all variable. The investigation is based on detection functions which are particularly effective for the perturbed cubic Hamiltonian system. The study reveals that, for the Hamiltonian system [equation (1.5) in the introduction] with the perturbed terms mentioned above, there are 15 limit cycles if 15.1149 < λ < 15.1249; and 11 limit cycles if 15.1102 < λ < 15.1149. As numerical illustration, we numerically predict the detection curves and display graphically the distribution of limit cycles for the proposed perturbed Hamiltonian system.
Introduction
The bifurcation of limit cycles in Hamiltonian system has long been of research interests in the circle of applied mathematics [1] [2] [3] [4] [5] [6] . In particular, the bifurcation of limit cycles of the following planar polynomial system dx dt = P n (x, y), dy dt = Q n (x, y).
(1.1)
has been considerably investigated during the past years and has now become a very popular topic in the area of applied mathematics, where P n and Q n are two polynomials of degree n. It should be mentioned that the system (1.1) is related to the celebrated Hibert's 16th problem. For perturbed cubic Hamiltonian systems, which is extensively studied in the applied mathematical circle in comparison with other degrees of n of the system (1.1). For example, Liu and Li [7] considered a class of cubic Hamiltonian system perturbed with four centers and presented explicit formulas for the global and local bifurcations of the flow. Zang et al [8] studied the number of limit cycles for a cubic Hamiltonian system under quartic perturbation. Zhang et al [4] analyzed the number of limit cycles for a different cubic Hamiltonian system with cubic perturbation. where a, c, µ and λ are real parameters, a > 0, c > 0, 0 < µ 1, R(x, y, λ) and S(x, y, λ) are two polynomials. Among these studies, Li and Huang [9] showed that the system (1.2) has 11 limit cycles when R(x, y, λ) = S(x, y, λ) = mx 2 + ny 2 − λ, and obtained the Hilbert number H(3) ≥ 11. Further, Hong and Liu [10] showed that the system (1.2) has 14 limit cycles when
For the perturbed Hamiltonian system which is slightly different from the system (1.2)
where a, c, µ(0 < µ 1) and λ are real parameters, R(x, y, λ) and S(x, y, λ) are polynomials, the work of Li and Liu [11] showed that the system above has 11 limit cycles when R(x, y, λ) = S(x, y, λ) = mx 2 + ny 2 − λ and obtained the Hilbert number H(3) ≥ 11. Cao et als study [3] indicated that this system has 13 limit cycles when R(x, y, λ) = S(x, y, λ) = mx 6 + ny 6 − λ. Further, Tang and Hong [12] found that the system (1.3) has 14 limit cycles when R(x, y, λ) = S(x, y, λ) = mx 8 + ny 8 − λ. Zhang et al [13] also explored the number of limit cycles for the Hamiltonian system of (1.3) under quartic perturbations. Wu et al [6] also explored the number of limit cycles for the Hamiltonian system of (1.3) under quintic perturbations. For the Hamiltonian system
Zhang et al [14] showed that the system (1.4) has 11 limit cycles under cubic perturbations. Zhang et al [8] showed that the system (1.4) has 13 limit cycles under quartic perturbations.
It is worthy noting that, based on the cubic Hamiltonian system
where a and c are two real parameters and ac > 1, 0 < c < 1, a > 1, a series of investigations on bifurcation behavior and number of limit cycles has been conduced in recent years. The work of Li and Lin [15] showed that there are 11 limit cycles for the system (1.5) under cubic perturbed terms and obtained the Hilbert number H(3) ≥ 11. For the perturbed Hamiltonian system
where a, c, µ(0 < µ 1) and λ are real parameters, R(x, y, λ) and S(x, y, λ) are polynomials. More recently, Huang and Liu [16] constructed a quintic polynomial system with a small parameter and eight normal parameters. Zang et al [17] presented configurations of limit cycles bifurcated from a homoclinic loop for quintic systems with quintic perturbations. Chen et al [18] explored the center conditions for degenerate singular points of quintic polynomial vector field with a small parameter and eight normal parameters.
From the above review, we found that most of previous studies is focused on the R(x, y, λ) = S(x, y, λ) = mx k +ny k −λ. In this paper, a different perturbed function R(x, y, λ) = S(x, y, λ) = mx 2 + ny 2 + ky 4 − λ, is employed to explore the bifurcation behavior and the distribution of limit cycles of the system (1.6). m, n, k and λ here, rather than m, n and λ only in the existing work, are all variable. Using the same method of detection function and method of numerical exploration as in [10, 12] , the study firstly shows that the system
(1.7)
has 15 limit cycles when a = 6, c = 0.25, m = 2, n = −13.47, k = 2.3, 0 < µ 1, 15.1149 < λ < 15.1249, and 11 limit cycles if 15.1102 < λ < 15.1149.
Detection function and detection curves
In this section some preliminary results on the detection functions for the perturbed Hamiltonian system (1.7) are briefly reviewed in order to provide a common source of formulation for the analysis in later sections. Let us begin with considering the perturbed Hamiltonian system.
Ye [2] obtained some useful results by introducing. Lemma 1. Consider the perturbed Hamiltonian system
and the corresponding unperturbed Hamiltonian system
Obviously system (2.1) reduces into system (2.2) when
then, closed orbits and will extend to the outside of Γ h as h increases, and
has only one stable (unstable) limit cycle near to Γ h * when α is vary small.
Conversely, If Γ
h is constrained inside as h increases, the stable properties of the limit cycle are opposite of that described above, i.e., when αA (h * ) < 0 (> 0) the limit cycle is unstable (stable). If A (h) = 0, then system (2.1) has no limit cycle. Li and Li [19] considered the following system:
where p (0, 0) = q (0, 0) = 0. Using the results given in [2] above, it follows from A (h) = 0 that
f (x, y) dxdy
where
The function λ (h) is usually known as the detection function of system (2.4). Using the detection function λ (h) and lemma 1 above, the following proposition regarding the limit cycle of system (2.4) can be obtained [20] : Proposition 1. For any given λ 0 : (1) If (h 0 , λ(h 0 )) is an intersecting point of the line λ = λ 0 and the detection curve λ = λ(h), and λ (h 0 ) > 0(< 0), then the system (2.4) has only one stable (unstable) limit cycle near Γ h 0 when λ = λ 0 ; (2) If line λ = λ 0 and the detection curve λ = λ(h) have no intersecting point, then system (2.4) has no limit cycle when λ = λ 0 . Conversely, If Γ h is constrained inside as h increases, the stability of the limit cycle is opposite to the results above. The proof of this proposition can be found elsewhere [12] . For the sake of completeness, we briefly present the proof as below:
2dxdy.
(2.7)
, from A(h 0 ) = 0, which leads to
We also have from (2.5) that
It is noted from (2.5) that φ(h 0 ) > 0. Moreover, both A (h 0 ) and λ (h 0 ) have the same sign by comparing (2.8) with (2.9). Therefore, −µA (h 0 ) and −µλ (h 0 ) also have the same sign. From Lemma 1, the proof of Proposition 1 is thus completed.
Limit cycles distribution of perturbed system
Consider again the Hamiltonian systems (1.5). The related Hamiltonian function is assumed to be in the form
Letting H(x, y) = h, we have
In polar coordinate system, from (1.5), we get
(3.3) From (3.1) and (3.2), we get
It follows from (3.4) that:
Letting dθ dt = 0 in (3.3) 2 , it follows that:
The curves defined by (3.1) or (3.3) form the following three types of closed orbits when the parameter h varies from − a + c − 2 ac − 1 to +∞.
The phase portrait of (1.5) is shown in Fig. 1 . It is noted that the all curves will extend outwards as h increases. Consider again the perturbed Hamiltonian system (1.7). Using (2.3), the system (1.7) has three equations
which correspond to the three families of closed orbits Γ h j (j = 1 − 3) in Fig. 1 . By comparing (1.7) with (2.1) and (2.4), we have
By considering (3.2)-(3.12), the detection function λ j (h) can finally be given in the form
Distribution of limit cycles
For simplicity, let a = 6, c = 0.25 in (1.7). Based on (3.13)-(3.15), the three detection functions of the system (1.7) can then be expressed in the polar coordinate system as
which corresponds to the three families of closed orbits Γ h j (j = 1 − 3) in Fig.  1 , where Table 1 lists the values of detection functions λ j (h)(j = 1−3), obtained from (4.1)−(4.3), as they vary with the parameter h. The three detection functions of system (1.7) listed in Table 1 are also illustrated in Fig. 2 . Table 1 Values of detection functions λ j (h)(j = 1 − 3), a = 6, c = 0.25, m = 2, n = −13.47 and k = 2.3 3 ).
(2)The system (1.7) has 11 limit cycles if 15.1102 < λ < 15.1149 (see Fig.  4 ).
It should be mentioned that other results can be similarly obtained in addition to the two cases listed above. But we omit those details for conciseness.
Figures 3 and 4 display the position of each limit cycle obtained by using the numerical exploration method [21] . In the calculation, λ = 15.12, λ = 15.114 are used. Table 3 . Table 3 Points passed by limit cycles in Fig. 4 
Conclusions
In the above discussion, we use both qualitative and numerical methods to investigate the number and distribution of limit cycles in a cubic Hamiltonian system with quintic perturbed term (1.7). The study is based on assuming that ac > 1, 0 < c < 1, a > 1, 0 < µ 1, m, n, k and λ are all real parameters in (1.7). In particular, for a = 6, c = 0.25, m = 2, n = −13.47, k = 2.3 and 0 < µ 1, the study reveals that the system (1.7) has 15 limit cycles if 15.1149 < λ < 15.1249 and has 11 limit cycles if 15.1102 < λ < 15.1149. It is also found that each limit cycle passes a particular point and the position of these points is obtained by using the numerical exploration method [21] when a = 6, c = 0.25, m = 2, n = −13.47, k = 2.3 and µ = 0.0001 for two particular values of parameter λ (15.12 and 15.114 ).
